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1. INTRODUCTION
A nite group G having a central involution e∗ is dened to be a
Hadamard group, as introduced in [4], if G has a transversal T with re-
spect to the group e∗ generated by e∗ such that T ∩ Tg = G/4 for all g
in G other than e and e∗, where X denotes the number of elements in a
nite set X: Such a T is called a Hadamard subset. However the existence
of a central involution in G is necessary for the group G to be Hadamard.
In this article, we shall introduce an extended concept of Hadamard sub-
sets without the above requirement. In fact, in Section 2 we shall nd a
condition of existence of a certain subset in a group such that it actually
can produce a Hadamard design and hence a Hadamard matrix. A sub-
set satisfying this condition is called a generalized Hadamard subset. From
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this point of view, the dihedral group of order 8 becomes Hadamard. For
this see [1]. In Sections 3 and 4, we deal with special cases of generalized
Hadamard subsets, in particular the case of split extension. Finally we will
show that the split extension of an elementary abelian group of order 22m
by a group of order 2 contains a generalized Hadamard subset when it is
not elementary abelian.
2. HADAMARD TRANSVERSALS
Let G be a group of order 4n, b an involution of G, and T a left transver-
sal, namely the set of representatives of left cosets of G with respect to b.
Then T is called a left Hadamard transversal if T ∩ xT  = 2n, n or 0 for ev-
ery element x of G. A right Hadamard transversal will be similarly dened.
Then the number of x with T = xT equals that of y with T ∩ yT = ∅, as
proved in the following lemma.
Lemma 1. Let G be a group of order 4n, b an involution of G, and T a left
Hadamard transversal of G with respect to b: Let k, l, and m be the numbers
of elements x of G such that T = xT , T ∩ xT  = n, and T ∩ xT = ∅,
respectively. Then we have that k = m.
Proof. Let T−1 denote the set of elements x−1 such that x is an element
of T: Considering the collection TT−1, we have that
4n2 = 2nk+ nl:
Since
4n = k+ l +m;
we obtain that
nk− nm = 0;
namely k = m:
Let S be any subset of G: Then the set of elements x such that xS = S
forms a subgroup FlS of G. FlS is called the left stabilizer of S in G:
The right stabilizer FrS of S in G will be dened similarly. It follows from
Lemma 1 that, for a left Hadamard transversal T , there exists an element
c in G such that T ∩ cT = ∅:
Lemma 2. Let G be a group of order 4n, b an involution of G, and T a
left Hadamard transversal of G with respect to b: Let c be an element of G
such that cT ∩ T = ∅: Then neither b nor c belong to FlT  ∪ FrT , but both
b and c belong to .FrT  and .FlT , respectively, where .H denotes
the normalizer of a subgroup H in G.
generalized hadamard subsets 603
Proof. Since cT = Tb = G\T , we have T = cTb: Clearly b and c do not
belong to FrT  and FlT , respectively. If Tc = T , then T = Tc = Tc2 =
Tc3 · · · : It follows that 1 ∈ T if and only if c ⊆ T , which is a contradiction
to the fact cT = G\T: A similar argument also holds for b.
Now
TbFrT b = cTFrT b = cTb = T:
Thus bFrT b = FrT : Similarly
cFlT c−1T = cFlT Tb = cTb = T:
Thus we have that cFlT c−1 = FlT :
Denition. Let G be a group of order 4n: If there exist elements b
and c in G such that b and c admit a left and right Hadamard transversal
T with respect to a subgroup b of order 2 and c of order 2, respectively,
and also FlT  = FrT , then T is called a generalized Hadamard subset
of G:
Example 1. Sym 4, the symmetric group of degree 4 contains a generalized
Hadamard subset. Choose b = c = 1; 2, and
T = e; 1; 32; 4; 1; 42; 3; 1; 2; 3; 1; 2; 4; 1; 3; 2; 1; 4; 2;
1; 4; 3; 2; 4; 3; 3; 4; 1; 2; 3; 4; 1; 3; 4; 2}:
It is easy but tedious to check that FlT  = 1; 2; 4 and FrT  =
1; 2; 3: Now we claim that T is a left and right Hadamard transversal
with respect to b:
Let TE and TO be the set of even and odd permutations in T respectively.
For convenience, let H = FlT  and u = 1; 32; 4: Simple computation
shows that uTE = e; 1; 32; 4, 1; 23; 4; 2; 4; 3; 1; 3; 4; 1; 3; 2;
1; 2; 4; 2; 3; 4; 1; 2; 3, and uTO = 1; 4; 2; 3; 1; 4; 3; 2; 1; 4,
where underlined elements belong to T: So uT ∩ T  = 6: Consider a sub-
set HuH of Sym4. The computation shows that HuH is the alter-
nating subgroup of Sym4. uT ∩ T  = 6 implies that, for each even per-
mutation x of Sym4 not contained in H, xT ∩ T  = 6: We note that
1; 3TE = 1; 3; 2; 4, 1; 2; 3; 4; 2; 3, 1; 3; 2; 4, 1; 2, 1; 3; 4; 2,
3; 4; 1; 2; 4; 3, and 1; 3TO = 1; 4; 3, 1; 42; 3; 1; 4; 2, where
underlined elements are in T: Clearly we have that, for an odd permu-
tation y in H1; 3H, yT ∩ T  = 6: Now H1; 3 = 1; 3; 1; 2; 4; 3;
1; 4; 2; 3, and 1; 3H = H1; 3−1, H1; 3H = H1; 3 ∪ 1; 3H ∪
1; 4; 3; 2; 2; 3; 3; 4; 1; 2; 3; 4: Finally one can check that, for
xi ∈ H1; 2, T ∩ xiT = ∅, and Sym4 = HuH ∪ H1; 3H ∪ H1; 2:
Hence T is a left Hadamard transversal with respect to b: Replacing H,
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1; 32; 4, and 1; 3 by FrT , 1; 32; 4, and 1; 4, respectively, sim-
ilarly the above argument can lead T to be a right Hadamard transver-
sal with respect to b: 1; 21; 2; 3 = 1; 2; 1; 3; 2; 3 is the
set of elements xi such that T ∩ Txi = ∅: Therefore T is a generalized
Hadamard set.
Example 2. In Sym4
T = e; 1; 4; 2; 4; 1; 2; 4; 3; 1; 3; 2; 4; 1; 4; 2; 3; 1; 4; 3; 2;
1; 23; 4; 1; 2; 3; 1; 3; 2; 1; 3; 4; 2; 3; 4
is a left Hadamard transversal with respect to b = 1; 2 such that
FlT  = 1; 3; 2; 4: However, we have that
T ∩ T 1; 4 = e; 1; 4; 1; 2; 4; 3; 1; 3; 2; 4; 1; 4; 2; 3;
1; 23; 4; 1; 3; 2; 2; 3; 4:
So T is not a right Hadamard transversal with respect to any subgroup of
order 2. Moreover, we have that FrT  = 1; 2; 3:
Suppose that a group G of order 4n contains a generalized (left and right)
Hadamard subset T with respect to b and c (respectively). Certainly we
may assume that T contains e: Let G x FlT  = G x FrT  = h: Then
we can construct a Hadamard design D = P;B of order h, where P and
B denote the set of points and blocks, respectively, as follows: P is the set
of right cosets of FlT  in G, and B is the set of right translations Ty of T:
Since c normalizes FlT  (Lemma 2), cFlT x is a right coset of FlT  in
G: So we may put
(A) P = FlT x1; FlT x2; : : : ; FT lxh/2; cFlT x1; : : : ;
cFT lxh/2:
(B) B = T = Ty1; Ty2; : : : ; Tyh/2; Tb; Tby2; : : : ; Tbyh/2,
where xi; yj; y are elements of G: Since Ty = TFrT y, we have precisely
h distinct blocks. Since FlT T = T and T  = 2n, T contains FlT  and
Ty is a union of h/2 right cosets of FlT : Since Ty ∩ Tby = ∅, Tby is the
complement of Ty: If Ty ∩ Tz = ∅, then Tz = Tby: If Tz is distinct from
Ty and Tby, then we have that Ty ∩ Tz = n, namely Ty ∩ Tz consists of
h/4 right cosets of FlT : Clearly Ty ∩ FlT x; cFlT x = 1: Thus D is
a Hadamard design and hence we obtain a Hadamard matrix of order h/2:
For this, see [4, 5].
Remark 1. In the above we used right cosets of FlT : Instead we also
could use left cosets of FrT :
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Lemma 3. Let G be a group containing an involution b: Then a subgroup
H of G is contained in the left (or right) stabilizer of some left (or right)
transversal T of G with respect to b if and only if H contains no conjugate
of b in G.
Proof. Suppose that H is contained in the left stabilizer of some left
transversal T of G with respect to b and that H contains x−1bx for some
element x of G: T contains exactly one of x−1 and x−1b: If T contains
x−1, then HT = T contains x−1bxx−1 = x−1b, which is a contradiction.
If T contains x−1b, then HT = T contains x−1bxx−1b = x−1, which is a
contradiction. On the other hand, suppose that H contains no x−1bx: Then
for any element x of G we have that H 6= Hxbx−1 and that Hx 6= Hxb:
So right cosets of G with respect to H are a disjoint union of the pairs
Hx;Hxb: If we pick up one member from each pair, then their union is a
left transversal of G with respect to b:
3. CASE WHERE FlT  = e
Let T be a left Hadamard transversal of G with respect to b: Suppose
that FlT  = e: By Lemma 1 there exists a unique element c of G such
that cT ∩T = ∅: Since cT ∩T  = c−1T ∩T , we have that c = c−1, namely
c is an involution. Since Tb ∩ T = ∅, we have that Tb = cT = G\T , and
hence that T = cTb: In this case we show that T is a generalized Hadamard
subset.
Theorem 1. Let G be a group of order 4n containing an involution b:
Suppose that T is a left Hadamard transversal of G with respect to b: Then
the following are equivalent.
(a) FlT  = e:
(b) G contains a 2n-subset R such that rT ∩ r ′T  = n, where r and r ′
are any two distinct elements of R:
(c) T is a right Hadamard transversal of G with respect to c, where
c is the element of G such that cT ∩ T = ∅, and G contains a 2n-subset R′
such that Tr ∩ Tr ′ = n, where r and r ′ are any two distinct elements of R′.
Therefore FrT  = e:
Proof. Let LT  = g ∈ G  gT = T or gT ∩ T = ∅: Let R be a left
transversal of G with respect to LT : Then by Lemma 1, FlT  = e if
and only if LT  is a subgroup of order 2 if and only if R is a 2n-subset.
Therefore (a) is valid if and only if (b) is valid.
Suppose that (b) is true. Let R = r1; : : : ; r2n: Now consider a design
D = P;B, where P = G and B = r1T; : : : ; r2nT; r1cT; : : : ; r2ncT: By the
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assumption we see that D is a Hadamard design. For this see [4, 5]. We
note that, for each g ∈ G, gT is a left transversal of G with respect to b:
Hence for any two elements x and y, where y is distinct from x and xb,
there exist exactly n of the riT , for simplicity say i = 1; : : : ; n, which contain
x and y: Then from the fact that x and y belong to riT for i = 1; : : : ; n,
it follows that r−11 ; : : : ; r−1n  = Tx−1 ∩ Ty−1: This means that T is a right
Hadamard transversal of G with respect to c: Let R′ be a right transversal
of G with respect to b: Then Tx ∩ Ty = n for all distinct x; y in R′: By
replacing left by right in the argument of the previous paragraph, we
see that FrT  = 1:
Replaced left by right in the foregoing, similar argument holds. Hence
(c) implies (b).
Lemma 4. Let G be a group of order 8n. Suppose that G has a left and
right Hadamard transversal T with respect to b and c, respectively. If one
of equivalent conditions stated in Theorem 1 holds, then b and c are conjugate
in G:
Proof. We have that
TT−1 = 4ne+ 2nG− c (1)
and
T−1T = 4ne+ 2nG− b; (2)
where for a subset S of G, S denotes the sum of elements in S in the
group ring of G over the eld of complex numbers. Let 8 be a nontriv-
ial irreducible representation of G. Then we know that 8G = 0: See
[2, 3]. So from 1 and 2 we obtain that 8T−1T  = 8T−18T  =
2n8e −8c and 8TT−1 = 8T 8T−1 = 2n8e −8b: Let χ
be the character of 8: Then we have that
2nχe −χc = χ8T−18T  = χ8T 8T−1 = 2nχe −χb:
Thus we obtain that χb = χc, which implies that b and c are conjugate
in G (see [2, 3]).
By Lemma 4, we may put c = z−1bz for some element z of G. Since
cT ∩ T = z−1bzT ∩ T = ∅, we have that bzT ∩ zT = ∅. On the other
hand, since T ∩ Tb = ∅, we have that zT ∩ zTb = ∅: Thus if we replace
T by zT , then we may assume that c = b: Hence from now on we assume
that b = c: Then notice that bTb = T , namely T is invariant for b:
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4. CASE WHERE FlT  = e AND b SPLITS
Let G be a group of order 8n and b an involution of G. Let T be a
left Hadamard transversal of G with respect to b such that FlT  = e.
By the assumption made at the end of the previous section we have that
bT ∩ T = Tb ∩ T = ∅:
Now we suppose that G contains a (normal) subgroup H such that G =
Hb and H ∩ b = e: We put T = K ∪Lb, where K and L are subsets
of H. Since T is a transversal, we have that H = K ∪ L and K ∩ L = ∅:
Further for any nontrivial element x of H we have from 2n = xT ∩ T  that
2n = xK ∩K + xL ∩ L: (3)
Since bTb = bKb ∪ bLbb, and also both bKb and bLb are subsets of H,
we get that
bKb = K; and bLb = L: (4)
Further, for any nontrivial element x of H we have that
2n = xbT ∩ T  = xbK ∩ Lb + xbLb ∩K = xK ∩ L + xL ∩K;
where the last equality holds from 4: However, since L = H − K and
K = H − L, these equalities are a consequence of 3. Therefore we can
check that 3 and 4 are necessary and sufcient conditions for T to
be left Hadamard. By Theorem 1 we have a condition for a generalized
Hadamard subset:
Theorem 2. Let a group H of order 4n be a disjoint union of subsets K
and L: Then the split extension of H by a group b of order 2 contains a
generalized Hadamard subset if and only if for all nontrivial elements x in H,
xK ∩K + xL ∩ L = 2n, bKb = K, and bLb = L:
Let H be a group of order 4n. If K and L are subsets of H such that
H = K ∪ L and K ∩ L = ∅ and that xK ∩ K + xL ∩ L = 2n for any
nontrivial element x of H. Then we say that K and L give a left Hadamard
decomposition of H. We notice that, together with K and L, for y ∈ H, a
pair of any right translations Ky and Ly gives a left Hadamard decomposi-
tion of H.
Example 3. A cyclic group C4 = a of order 4 has a left Hadamard
decomposition: K = e and L = a; a2; a3. An elementary Abelian group
E4 = a1 × a2 of order 4 has a left Hadamard decomposition: K = e
and L = a1; a2; a1a2. In both groups the actions of b can be left free. If
the action of b is nontrivial, resulting groups are isomorphic to D8.
From now on we assume that n > 1. Replacing T by Tb if needed, we
may assume that K ≤ L:
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Lemma 5. Let K and L give a left Hadamard decomposition of H: Then
it holds that K = 2n− n1/2 and L = 2n+ n1/2: In particular, n is a square.
Proof. Since for any nontrivial element x of H xK ∩K + xL ∩ L =
2n, the number of two kinds of pairs k′; k; l′; l such that x = k′k−1 or
x = l′l−1 is 2n: Therefore we have that
KK−1 + LL−1 = 4ne+ 2nH − e: (5)
We note that L = 4n − K: Counting the elements of both sides of 5,
we have that K2 + 4n − K2 = 4n + 2n4n − 1: Hence we have that
2n− K2 = n, which proves the lemma.
Lemma 6. Let K and L give a left Hadamard decomposition of H: Sup-
pose that 8 is a nontrivial irreducible unitary representation of H. Then we
have that
8K8K∗ = 8L8L∗ = n8e: (6)
Proof. We have that 8H = 0: For this see [2] and [3]. Hence we have
that 8L = −8K, 8L−1 = −8K−1 and 8K−1 = 8K∗, where
∗ denotes the composition of complex conjugation and transposition. Now
from 5 we get that
2n8e = 8K8K∗ +8L8L∗ = 28K8K∗:
We notice that 5 and 6 guarantee for K and L to give a left Hadamard
decomposition of H.
Lemma 7. Let K and L give a left Hadamard decomposition of H: Then
no proper normal subgroup of H contains K (and/or L).
Proof. Otherwise, there exists a nontrivial irreducible representation 8
of H whose kernel contains K. Then we have that 8K = 2n− n1/28e,
which contradicts 6.
Theorem 3. Every elementary Abelian 2-group
H = E2m2 = a1 × a2 × · · · × a2m−1 × a2m
of order 4n = 22m has a left Hadamard decomposition. The action of b on H
has more than one possibility.
Before proceeding to a proof we quote a classical result on binomial




 + ( t4+r + ( t8+r + · · ·,
where r = 0; 1; 2, and 3. Let t = 2m. Then we have that if m ≡ 0 or 1
(mod 4), S2m; 2 + S2m; 3 = 22m−1 − 2m−1, and that if m ≡ 2 or 3 (mod 4),
S2m; 0 + S2m; 1 = 22m−1 − 2m−1.
This suggests to us how to pick up elements of H for K.
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Proof of Theorem 3. Put A = a1; : : : ; a2m. First let m ≡ 0 or 1 mod 4.
Then let K be the set of elements of H whose lengths in A are congruent
to 2 or 3 mod 4. By the above we see that K = 2n− n1/2: The other case
will be treated in the same way. Now assume that b exchanges a2i−1 with
a2i, where i runs over some subset U of 1; : : : ;m. If U is not empty, the
action of b on H is nontrivial. It is easy to check 3 and 4.
Now assume that the action of b on H is nontrivial. Let G be the holo-
morph of H by b: Then b is not central in G: Put T = Kb ∪ L, where
L = H\K: Then T is a generalized Hadamard subset with respect to b:
Earlier W. de Launey and M. J. Smith showed in [1] that the dihedral
group D8 of order 8 contains such a generalized Hadamard subset.
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